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Abstract. In this work, we develop a new unified approach to the so-called generalized Golay—
Rudin—Shapiro (GRS) 2-complementary multi-parameter sequences. It is based on a new
generalized iteration generating construction.

1. Introduction
Binary *1-valued Golay—Rudin—Shapiro sequences (2-GRSS) associated with the cyclic group Z;

were introduced independently by Golay [1, 2, 3] in 1949-1951, Shapiro [4,5] and Rudin [6] in 1951.
M.J.E. Golay [2] introduced the general concept of “complementary pairs" of finite sequences all of
whose entries are +1. This was motivated by a highly non-trivial applications of infrared
spectrometry. Then he gave an explicit construction for binary Golay complementary pairs of length

2"and later [3] noted that the construction implies the existence of at least 2" m!/ 2 binary Golay
sequences of this length. They are known to exist for all lengths N=1“10"26/, where a, 3,y are integers
and a,f,7 >0 (Turyn, [7]), but do not exist for any length N having a prime factor congruent to

modulo 4 (Eliahou et al., [8]). In 1951, H. S. Shapiro [4, 5] introduced what became known, after
1963,as the “Rudin-Shapiro” polynomial pairs. Shapiro's work was entirely in pure mathematics.
Budisin [9,10,11] using the work of Sivaswamy [12] gave a more general recursive construction for
Golay complementary pairs and showed that the set of all binary Golay complementary pairs of length
2" obtainable from it coincides with those given explicitly by Golay. For a survey of results on binary
and non-binary Golay complementary pairs, see Byrnes [13] and Fan, Darnel [14], respectively. In
1999, Davis and Jedwab [15] gave an explicit description of a large class of Golay complementary
sequences in terms of certain cosets of the first order Reed—Muller codes.

Discrete Fourier-Golay—Rudin—Shapiro Transforms (FGRST) in bases of different Golay—Rudin—
Shapiro sequences can be used in many signal processing applications: multiresolution by discrete
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orthogonal wavelet decomposition, digital audition, digital video broadcasting, communication
systems (OFDM, MCDA), radar, and cryptographic systems.

To build the classical FGRST, the following actors are used: 1) the Abelian groupZ’, 2) 2-point
Fourier transform F,, and 3) the complex fieldC; i.e., these transforms are associated with the triple
(Zz,}_z,C) In this work, we develop a new unified approach to the so-called generalized complex-,
GF(p) -, and Clifford-valued complementary sequences. The approach is associated not with the triple
(ZZ,J:Z,C), but with (ZZ,CSZ((/),a,y),AZg) and (Zz,{CS;(gol,al,yl),...,CS,i((/)n,an,yn)},.Alg), where

CS) (¢, a,,y,)and {CSZ1 (@1,0,7),CS (9,0, 75)5e, CSH®, X, 5 ”)} are a single transform or a set of
arbitrary unitary (2 x 2) -transforms of type ¢S, (p,a,y) = { ej’i cos f” sin @}’ instead of ]—;{l l} if
e7sing —e'“cosp 1 -1
Alg=C.
The rest of the paper is organized as follows: in Section 2, the object of the study (Golay—Rudin—
Shapiro binary sequences) is described. In Section 3, the iteration rule to construct the Golay matrix is

introduced. In Section 4, the proposed method based on a new generalized iteration construction is
explained to construct generalized multi-parameter Golay—Rudin—Shapiro sequences.

2. The object of the study
We begin with the description of the original Golay 2-complementary *1-valued sequences.

Definition 1. Let com’(¢):=(c,.¢,,....cy_, )andcom' () = (s, 5,....5y_, ) » Where ¢,s; €{£1}. Both

sequences com’(¢), com'(¢) are called the (J_rl) -valued complementary or Golay complementary pair

over {1}, if COR’(z)+COR'(r)=N&(r),or (|COMO(Z)|2+|COM1(Z)|2) =N, where COR’(r), COR'(r)
‘z‘:l

are the periodic correlation functions of com’(¢), com'(r) and COM’(z)= Z{com0 (t)},
COM'(z)=Z2 {com1 (t)} are their Z —transforms. Any sequence, which is a member of a Golay
complementary pair, is called the Golay sequence and its Z —transform COM, (z)=2Z {comk (t)}is
called the Golay-Shapiro-Rudin polynomials. We use two symbols ane[O,Z"’l—l]zZz" and
t, [0,2"" —1]=Z,, to enumerate Golay sequences and the discrete time, respectively. For integer
a,€[0,2"" 1] and t, €[0,2"" ~1] we shall use binary codes @, =(,,,,...a,),t, =(t,.6,.....1,),

where .1, €{0,1}. Let @, =(a,,0,,....a,) and t, =(1,,t,,....t,) be binary codes, then define

n n
i—-1 n—i
- Zan—i+12 ’ tn - - Ztn—i+12
i=1 i=1

as integers whose binary codes are @, =(a,.a,,....a,) and € =(t.1,,...1,), where a,, are less

a =

n

£,

a, :|(a1,a2,...,an) :|(tl,t2,...,tn)

significant bits (LSB) and «,#, are most significant bits (MSB) of d,=(,.a,,...a,)and
t, =(t,,1,,...1, ), Tespectively. Obviously,
0, =() €L, 0, =0 €Z,, t=@)eZ,, t =t eZ,
0, =(0,0)€Z,x2, =2, (o,0)€Z %L, L=({.0)eZxZ, =T,  (t.,)eZ,xZ,
‘—13:(&2’0‘3)€Z§XZ2:Z;’ (az,a})EZZZXZZ, ?SZ(?Q,Z})Z; xZ, :Z;, (tz,t3)eZ22><Z2,

aﬂ :(anfl’an) GZZ’F1 XZZ :Zln’ (anfl’aﬂ) Ele"" XZZ ? fn :(En_l,tn) EZZ’H XZz :Zzna (tn_ptn) EZIZH XZp
where Z = {O,I}k =75 and Z, ={0,1,2,...,2" —1}.
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Let {com[””] ¢, com['”” (tm )} ~ beasetof 2" pairs of complementary sequences of length 2"*'.

Then the following matrix of depth n+1 has size 2" x 2""!

2" n+l]
Ghll = Hacom["+1 (t,.)= EElEElcom';“a ()= Bﬂ[com&lﬁ)(tnﬂ)}
@, -0a,, com,, 1)(tn+l)
- com(iy!(t,,) | [eomfyy o (t,)]
comy' (t,.0) || eomigy! o (t,.)
comy, "l o (t,.)) comiiy (t,.) com[g*ol] 10) (t.) (1)
2" com[”*”m)(tm) Com["ﬂ]( ) )

[n+1]
= HE' an (o _| ©OMo 0, .11) (t,.
[n+1] _—
e 0| COMy o) (tm) ......................

[n+1]
COIl’l . L) (tn+1) ........................................

(2"-11)

| 1
| com!”;"! (tn+1 ) ] _Comgnf,,,],,],]) (th)
COmEZ:}(])) (tn+l)

comii) (t,..)

and it is called the Golay matrix, where [
(e,.1)

] are a pair of complementary sequences and

[ 1]
(:;+ 0) (tn+l )

comf ) (¢, ;)

. For example,
(@,.1)

is the symbol of the vertical concatenation of (2 x 2" ) — matrices {

ComEﬁ]O)(tz)
[ 1 1 m3  (t
com, (t,) 3 m, 0)( 2) COH’l(0 1)(tz)
G[zl'] :[ Fl] | }:H} [1](t ), G[Z] =[comfj(t2)L t,=0 :Hﬂ 2] 2oy
com;"(t) | o5 2.t a0 | comg, o (t,) comy, (t,)
2
comﬁl}l)(tz)
com(()y, (t;)
Com(o,l)(t3)
m o (t3)
X \ \ comly ; (t;) comﬁ]l)(g)
G —[com[ I(t,) J Hﬂ com,(t,) = Hﬂ o =| —7=— |
ay,t;=0 pyr coma 1)(t ) com(z’o)(t3)
comy), (t;)
com!yy (t;)
comfl, (1)
3. Method. Iteration construction for original Golay sequences
The matrix G'7 is constructed by the following iteration construction:
e 55 SemSem, )

21+|
The initial matrix G[z,] is formed by starting with the Fourier-Walsh (2><2)—matrix G[zll] =F =

[comg] (t, )

1 . . . .
1 and by the repeated application of the iteration construction to pairs of rows
com!"(t, ) 1 -1

in the matrix. Let us suppose that we have the Golay matrix G[z’ﬁ] . We need to construct the next Golay

n+l

matrix G'"! using only G')) and %, =G/ The Golay matrix G!;' has a structure similar to (1):
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P Com["] O)(tn+l)

21
G = Bacom[”](t )= Bﬂ
2" ‘l” n
,=0 =0 Com[n], )(tn+l)

)

[n]
. . com t
To construct G',;" from G} we take each complementary pair of (3) in the form of { “‘ Lo ”)}
com!” | (t)
(o1

and construct shifted versa of their components

2" (08k) [n] n
[n]
Tt” ? Com(Z ,0)(tn) _dia { 2"(0@k) Tz”(lc?k)} COm[(ZL’O)(tn) com,, 0)( ,t2 (O(?k))
=diag s Ly = 5
. " [n]
2" (1©k) com t [n] n
T, ° o [n] L) (ﬂmfl,l)( ») com(aﬂ?l,l)(tn +2 (16291())

where k=0, and T”* is the shift operator on 2"s positions in the time domain:

T f(t,)=f(t,+2"s).

Now we construct the general building blocks for the Golay(z”*' X 2"*') -matrix G :

2n+l .

2" (O@k)

T ’ [2] (t) 1 1 2"(0@k) _ 2"(1®k) com!”! t
-,/Eé' t, ( -1,0) | diag{Tt” 2 9Tt,, 2 } (@,4,0) (tﬂ) _

[n]
2 (1@k) 1 com (t,)

! (@0 (L
Tt ' co (an_l,l)(tn) :

2"(0(:9k) 2" (1®k) [n] [n]

_ Tt" ) Ttn ’ COM, ,.0) (t") _ (k) com, o (tn)
- - 2 D)
2" (0®k) z"(l@k) (] com["] t
T feoml (1) e (t2)

where
2'(09k) T2 (1®k)

T 2 1 1 " .
t, t, 2 (0®k) 2"(1®k)
WF = = -| diag|T, I, 2 .
2" (0®k) 2" (1®k) 1 _1 n
T, @ -T, °

Using building blocks of (2” x 2" ) -matrix G, we construct the Golay(Z”+1 x 2”“) -matrix G’

according to the following iteration rule [16]:

OF- COmE';]n,,m(tn) I, T | com! o (t,)
COmEZ]MO)(tn) Ef‘]l”(t”)— _ L _Tj’ J Com%]”’“”(t")— _
com[(’;] >(tﬂ) N OF ~ C"mﬁ’éﬂ, 1.0) (tn) thn" I, ComE’;]n—w())(t")
Lcomiy o (t) ]| [|[Te X, || comg! i (t,) ] @)
comls ,(t)+comlr (¢, +2")| [comli™ (t,.)
comEz] o(t,) - com["] D, +27) comE';:ll]on(tm)
B comy,! | (t,)+com, ,(t, +2") comE:;”l]lo)(th) ’
—com,, \(t)+com, ,(t,+2") ComE’;ﬂ] ()
where
om0 (t,.)= comy o (t,)+comi; | (t, +2"),

|
ComET ]01)(tn+1) Com[(’;] 0) (t,)— ComEZ] 1)(tn +2"),
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com[””]lo)(tn“) com[”] b, )+com["] ot +2),

1
comg, ' (t,.) =—com(;! | (t,)+com{,! (t, +2")

are complementary sequences of twice length, belonging to G[z’ﬁf,” . Hence,

+1]
Com(’; 1,0,0) (tn+l)

2 2 [n+1] oy [n+1]
Gl _ HE'[COHI[M]“ )J HEI com, ) (t,.,) HE‘ com,’ 101>(tn+1)
2+ ntl n+l [n+1] t [n+1] t
@iy =0 @,=0 com(u 1)( pi1) @, =0 Com(a 110)( n+l)
1]
com("fl 11)(t11+1)
[T 20 a1 ][ [n] ]
T, T, " || comg ,(t,) co (u IO)(t )+com o, +27)
- 2".0 _ 2" -
) ZEEII T T, " || comy! \(t,) B ZE coml?) | (t,)—comly) (t, +2" )|
- 2. o | - 0] ]
=0 thn ! thn 0 Com[(g,,,,())(tn) =0 com" ot )+Comn Lot +2" )
21 2.0 [n] —com t +com t +2"
T, T __com(’;”il’l)(t) 1>( ) 0)( )
2", (O@a ) 2"-(19¢, )
ol [Vl] 2 " [’7]
_ EEl EEl -eomy, o (t,)+ T, me, 5 (t,) 5)
) e 2" (09a,) [n] 2(19a,) 0
- t, -com 10)(t )— T m 11)( )
This implies that
N [n+1] _ ("‘ ®’"+1) @l [n] n
comg, (t,. ) =come . o (E,0,.0) = Z( ) Om(un,l,ang)rm)(tn +201,, )
n+1 =0 (6)
Hence,

(a @fnu) 1

[n+1] [n] Ay e b [n]
com "Jrl ay a”+|)( n> "*1) ( 1) Om(:;” 1-9, ®tu+l)( ) ( 1) I ( ) o COm(Z ,,,a,,@;tw) (tn)(7

It is finally a recurrent relation between complementary sequences of G[Z'f,fll] and G[Z',’,].

Remark 1. ObVlously,

e T T 2 -
m, o (t n+1) o F com[(;]ﬂil’o) (tn) I, T comE’;]nil’O)(tn)
/l [n+1] [n] 2" [n]
comlz! 4 (t,) <—>“) comiy) o (6) ]| |1, =T Jleomf ) (t,),
) ml7! - [ com!” T T T eomt” 10
comy, 1 (t,,) \| com n Lo (t,.) o F com(;H 0 (t”) Tt” It” com(';niI o (tn )
[n] 2" [n]
E:;ll] L1) (tn+1) L —Com(“”" D (tn ) | __Ttn Itn a _Com(qH 1) (tn )—_
i B ] [n] ] i r n [n] T
A Y W O A e
_ 2 o 2 (] 2 2 o ) [
1 -1 i T | comg, | (t,) I T, | com{’ | (t,)
- i ] [n] - B 7 [n] ’
F 1i|' p.. L, P! | COMyy, .0y (tn) £ .| p. L, P comg, o) (tn)
B 2 o | ] 27| B o | o
1 -1 i T | comy, | (t,) I T, | coml) | (t,)

1 1
where P} ={ J , P = [1 } are 2-cyclic shift operators.

Hence,
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[n+1] I [n]
com_. 5 (t, ) t com (t,)
(0,,,0) \ "+l a, " a, (0,1,0)
{ } F | Py Py {

mi b (t,0) T mig, ()
( b} 1 t, ( ER)] (8)
and
rtbcomly™) (t,,) | 2 I, m{; o (t,)
n+ (@, ,0) \n+l a, " a, (‘1 -150)
G, :BH [n+1] ) :EEl For| By » [P ]
@,=0 Com(uﬂ,l)(tn-ﬂ) a,-0 Ttn m ,1)( )
From (7) we obtain two expressions for com(Ol )(t ):
[n] i (ai—l?ti)(ai?tiﬂ)
comy,! (t,)=(-1)5 , 7 ©)
Com[n])(t ) ( )z 0y '(_l)altlC;)“z’z?;@(ai%mi—z)’i '(_l)g@tﬁm —
®0‘i0‘i+1 “‘R‘t i+l S @aiaiﬂ ﬁ\t i+1
(D ) ) 10
(10)
where <a|R|t>=a1t1?aztz(?;(ai?ai_z)t, =;,Bit,.. Here f=dR, where [ l/+2J , and
aO’ n+l = 0

Example 1. It is easy to construct G/, G’ and G':
1

, com,, (t,) 1 1 . i
G[z'] = f; = Lom(“])(tl):l - |:1 _1:| - [COmEJI)(tl):I - I:(_l) :I’

)

comgy (t,) 11 1 -1
[2]
comg,(t,) 1 I -1 (G ®1, ) ®t,) (@, ®1, (e, ®F,)
G[22]= (0,))\*2 — — Com[Z] t,t :|:_1 0 @0 (@ O -1 190 223:|:
2 Com[(f]o)(tz) 1 =1 1 |: (al«az)( 1 2):| ( ) ( )
comi)(t,) | |-1 1 1 1

~ diag (-1)" [ (-1)"** |aiag (-1},
where &7, =0;

_comEf)]Oo)(t Y [1 1 1 -1 1 1 -1 1
omly)y  (t5) 1 1 1 -1 -1 -1 1 -1
omly, , (t;) 1 1 -1 1 1 1 1 -1

G[;]: omg ()| |-1 -1 1 -1 1 1 1 -1}

om(}} o (t;) 1 -1 1 1 -1 1 1 1

com(]m)(t) 1 -1 1 1 1 -1 -1 -1
omp ()| (-1 1 1 1 1 -1 1 1
om{) | (t;) 1 -1 -1 -1 1 -1 1 1

=0 1 1ot ] = (1) S () T (R |

= diag{(—l)(“‘%?“ﬂ“} .[(_1)(“lfl?“z’z?ms?“ﬂ%q -diag {(—1)‘“’2?’2’3) }

where ¢,,7, =0.
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4. Generalization. Multi-parameter Golay sequences
In this section, we introduce the generalized Golay—Rudin—Shapiro sequences. They are represented

by the following iteration construction
CS (930573

G[”[CS(%OM)] 2 G“[C«Sz(wq,m&%((ﬂz,%,n)] -

CSy(@:%7) CS, (@11 Vi)

- G[n][agz(% al ]/1)’ ’agz(¢n7 n’]/n ] - G[zr:rl][agz(%aal7]/1)a“-aagz(@n’an’]/n)’agz(%ﬂaa’]/yﬁ-l)],

based on a sequence of unitary transforms:

a 1 p ! C S
CS(pp>0,57,) = [(_1) t ‘CSZ(,],(qu,ak,j/k)L o [(_1) t 'CS[:,]I} o :{gk (—:k} =
= @r= kT “k

= [C(qokaakan) S(cokaak,n)} _ { ¢“cosp, e sin %}
§(¢kaaka7k) _6(¢kaak,7k) e sing, —e % cos @, ’
Vk=1,2,...n+1, where
C,=C(p,.a,,7,)=€e“cosg,, ifa=0,t=0; C,=C(p,,a,,7,)=¢ “cosg,, ifa=0,t=1;
S, =S(¢,,a,,7,)=€¢"sing,, ifa=1,t=0, S, =S(p,,a,,7,)= ¢ "sing,, ifa=1t=1.
For brevity, letd, =(¢.a,.7.), 6, =(90,.0,.7,)=(0.2.7; ¢.%.7:; ;0,07 ). As in the

previous case we assume that we have the Golay matrix G[Z',’,][ n] =G['Z] [(pn,an,yn]. We need to

(11)

construct the next Golay matrix G),"'[8,,,] using only G''[0,] and CS,(6,,,). We use the following

iteration construction
[n+1]
com (t,. 10,6 )
n n (a,,0) \"n+l n+l
G..",.)=GL1"®,.0,,)= EE{

1
COIl'lE’:— 1]) (tn+1 ‘ e +1)

2".0 2 [ (n] ]
Com[n+l]oo)(tn+1 10,.6,..) C((9 1)T S(6, 1)T comy, ]0)(tn 10,)
2 comgy ™ (t,,18,.6,,) | 2t S@,.)T. " —C(6, +1)T2 ! | comy! (e, 18, )|

- EE| - - _(12)

=0 Com[n+1]1o)(tn+1 |0n’ +1) a, ;=0 C(e +1)T2 ! S(e +1)T2 0 Com(u _1,0) (tn |0n)

[n+1]
com, l11)(tn+1 10,,0,.) S(HMI)Tt2 1 —C(@Hl)th 0 com["] 1)(t |0, )
T ] (1] | 1
1 1 com ol 10,) I
Tt Pt ! [n] -
ﬁ L Sn+1 _Cn+1 ! co 151 (t + 2 | e )
= - ar j [n] n =
ool [C " % comy, o, +2"10,)
S = [n]
L Sn+1 _Cn+1 a COl’l’l(u 1 1)(t” | 9”) ;
Coi Su | | comizly(, 16,)
S, —Cou com%]l) (t,19,)
el _Sn+1 com(0 0(t,10,)
Sn+l _Cn+l ComEg?l)(tn |0n)
n+l Sn+l comE’IIV]l 0)(tn ‘ en)
et ~Ca com(M H(t,10,)
glﬁ-l _11+1 com(M 0)(tn ‘ 0 )
L Sn+1 - n+l | com(M 1)(t |0 )
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where M = 2", From (12) we obtain
1
COIIl[’H ]0 ,0) (tn+1 | en s 0n+1)
- 1
sl com['” ]0 1)(tn+1 10,.6, +1)

G[;‘H] (0}1 > n+l1 ) %

1
=0 COIIl[n+ ]1 ,0) (tn+1 | en s 0n+1)

[n+1]
com, ;) (t

w1 10,560, (13)

C(6,.,)-comy)  (t,|0,)+S(6,.,)-comls | (t, +2"]8,)

s S(eﬂ) Com(u 0)(t 10,)— C(9+1) Com[n] 1)(t +2" 10,)

_E S(6,.,)-com;, | (t,10,)+C(6,,)-comy; (t,+2"]8,) )

-C(6,,,)-comly) | (t,10,)+S(6,.,)-comls (t,+2"]0,)

Hence,
ComEnu-:l]) (tn 5tn+1 | 9;1 H +1n+1) ComEZ+,ll],a,,,a,,+l)(tn’tn+1 | en’9i1+1) =
1 (a,®t,,)a,, 4 n n
= Z (=D 'CS[(a”L]@a,,)zM 0,.1)- ComEa],l,a”@tM) (tn +2" 1, |9n)
b= =0 :
and
[n+1] L - [n]
Com(a”,] ,a, ,a,H,)(tn ’Zn+1 | en ’0n+l) = (_1) Cs(a @a Doty (9n+1) ' Com(a”,] ,a, ?lnﬂ) (tn | en ) (14)
This recurrent relation gives the following analytic expression for multi-parameter sequences
u o (@ ©1;)(; Dty,y) ns
Com[u,,] (t,10,)= H(_l) ’ ’ 'CS[(a,,ll]@a, 26 ®ti) (6).
i1 2 2 (15)
Here are the particular cases:
1)ifa, =y, =0, then
C.(6 S, (6 cos sin
cs,0)=| @) 56| _|cos, Pel=les, 00] L k=12,
S,(6,) —C.(6,) sing, —cosg, ' a.1=0
and
[ (¢ _T _1 (124 1) .S )
Com(a,,)( n ‘(Pn) H( ) (‘1,1@0!)0 ®t+1)(¢i)’
- (16)
2)ife, =y, =0, ¢, =7 /4, then
C.(6 S, (6 cos(/4 sin(z/ 4 211 1
CS,(6,) = Ci(0) 5,6 :{ : (7 /4) ( )}_i{ } Vk=12....n.
S,6,) -C,(6,) sin(z/4) —cos(z/4) 211 -1
and
i1 91 || Dty
com[(';] )(tn) H( 1)( )( 2 ) .
(17)

Remark 2. For further generalization on m -complementary sequences we rewrite iteration
rule(12) as

6,1, S6,) T |[coml (t,10,)]
com (t,10,)] || 5601, -C@,.)- 1 o 8,19,
[ L C@,, )'Tf" 8(6,.)-1, || coml (t, 10)]
50,0 T C6,) 1, || coml (t,10,)

(o,

com(u,,,l D) (tn | en )
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i r T !
|:C(0 1) S0, +1)} po. I‘ﬂ P Ma,.,.0 (t" | ")
2 n 2
S@,..) -C@,.,) T EZ]“ ,(,10,)
|:C(0 +I) S(H +1):| Pl . It" . Pl . [(nu]n 1,0) (tn ‘ en)
2 n 2
S(a +l) C(e +1) B T‘i | Ena], D (tn ‘ Bn )
I T, | comls (t,19,) | com["”]oo) (t 10 1)
(a,.1,0) \ *n n n+ n+
CACANEE I B |
B L t, comy, 1y (tﬂ |6”) B Com[(T ]0 (.10,
_I | com” (¢, |0, - [n+1] ’
CS,(6,.,)- - ” P, ([n’]"’o)( ) com, (€, 19,.1)
- b COMa, 1) (t" |0") i comEZH]l 1)(tn+l |9n+1)
o _[1 1 1 _—
where P, = ik P, = | are 2-cyclic shift operators. Hence,
contl €190 [ oo o [ [T | [eomly ot 16,)
2\Yni1)? 2 w | ’
Com(a L) (tn+1 | enJrl) Tti com(a a151) (tn | B ) (18)
and
2L comly ) (t,.,10,,) | 2 L, comg,! o (t,18,)
G0,..)= Hﬂ TN Bz YUY E2 I Y Dt -
Com(a 1) (tn+1 |6n+1) a,=0 ’I‘t" Com(a 1) (tn |0n)

Example 3. It is easy to construct G|/[0,],G'}'[8,],GL'[6,]:

iy -Tomi ][OOI D@ ST el S
2 “ com, (t, [6) | [S(6) -C@)] [ Si(@.rn) o)

é%cosp, € sing, "
|:e—m Sin¢k _e—I(XA COS(Dk:| |:( ) ( ):| -0

com, (t, [ 6,,6,)

com(o,l)(tz 16,,6,) _

com, ,(t, | 6,6,)

com,, (t, [6,6,)

G[zzz] (91"92): [Com[(i]l,az)(tz |(P1sa1371§(ﬂ2a272)] =

(@ ®1)(er D13) (G @4)( ®1) 2]
= |:(_1) ) SR C VA ’ Cs(al@)az)(t o, )(‘9 ): CS(a0®a1)(t|®12)(91):| =

Cz Sz Cl Sl GG C.S S, Sl _8261
_ §2 _62 ‘ §1 _El _ §2Cl §zsl _Ezgl 6261 _
- c, S, ‘ C, S| | SS -8C|cc CS |
s, -G, |5 - ©5 G, ‘ sC ss,
e cosp, cos @, e cos @, sing, e”e " sing, sing, —e” e sing, cos g,
| e™e"sing,cosp e e sing,sing | —e e cosp,sing, e e cosp, cosg, |
iay oy iay ir

- . . i i . s
e”e sing,sing, —e” e sing, cos g, €2 e cos @, cos @, e’ cos g, sing,
—e e cosp, sing, e e cosg, cos, e sing, cosp, e e’ sing,sing,

where g7, = 0;
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Com(o_o,())(ts‘¢1aalayl;qozaaza}/z;%’aw?/s) G

Com(o’o_])(g\(p],a],}/];(pz,az,}/z;(p3,a3,}/3) §3 -G,
comyg o (6 |44, 2,7130, 00, 72305, 75)
G(0.6.0,) = comy, (6 |90 71302, 723 05,055 15) |
L Com(l,(),())(t3‘(pl’al’}/l;(pZ’az’}/z;(pS’aS’}/S) G, S,
Com(l,O,l)(t3‘(019a1’}/1;¢2’a2’}/2;¢37a3’73) S, -G
com o, (& [ 41,31, 715 0550257230555 1)
| comy, (6 [44,0,7430,00, 72305, 1) | S, G,

[ CZCI CZSI Szgl _Szél

™,

wml 0
JB‘ 92

0
W

SZCI SZSI _ézgl CZCI
S2Sl _S2Cl C2C1 CZSI

nli i

_62 |
Sz ! _Sz

_62§1 6261 S2C1 SZSI

CCG CGS GSS GSG| 88G S8 —SGS  SCG
SCG SGS 888 S8G|-GSG GSs GGS -GCG
SSG S5S SCS  SGG| GGG CGS GS5 -GSG
CSG GSS CGS CCG| SCG SGS 885 =S8G
CSS CSG CCG CGS|-SGS SCG  s3C  S3S|
588 -$8G SCG  SGS| CGS GGG GSG -GSS
SGS, SCG SSG SSS| GSS GSG GG CGS
| GGS GGG GSG GSS| 855 -$8G SCG SGS |
Unitary transforms (11)
at ! C S e’ cosg e’ sing
CSZ((P,O!,}/)—[(—I) -csa,,}a’t_o—{g —E}L'W Sing  —e cos J

form the group SU(2,C)of all (2x2)-unitary matrices with complex entries and determinant equal to

+ one:
SU(2) ={CS, € Mat(2,0)|(CS] -CS, = S, -CS] =1,) & (det(CS,) = +1)}.

Let us introduce (2x2)-unitary matrices with .Alg -valued entries and determinant equal to + one:

e5.(0.'s. 28):{ £ o g«&}:[Ck(a, &) S.(o, 8)}:[(—1)“’080,5,(0,'5, 28)]

.6 S,(0,%¢) —C,(o,'s)

£-6 -z-o
:[(_1)“’ ~CSa,flt=0 :[% —; }

where's, ’s € Alg, 's- IE:‘lgr =1, ‘¢- 25:‘25‘2 =1, 0,6 € Alg, 6> +6° =1, and Alg is an algebra

1
a,t=0

(for example, Clifford algebras or finite Galois fields). In this case

n
1 2 1 2 (i ©1; ) Ot;y) 1 L
G)'(s,.'s,, an)z[comffn](tn l6,,'¢,, 8,,)]{1_[(—1) 2 -nggtl]?al)’([{%)(q e, gl_)}
i=1

10
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is the Fourier-Galois-Golay algebraic transform (FGGAT).
Example 4.Let Alg =GF(7), 0 =2, 6=5, '¢,’¢ =1.1t is easy to check that ¢* +&> =2>+5" =1

2 5
(m0d7) If CSZ(al,lgngl)zasz(az’lgz’ 252)=|:5 2:|’ then
com, (t))| |2 5 ‘ 2.5 ‘ 4 10 ‘ 4 -10
G[zzz]Z[ComEi]a)(tzJ: com (t;) | |5 -2 5 2| |10 4|-10 4 .
o com,,(t,) 25 2 5 4 -10 4 10
Com(l,l)(tz) 5 =215 2 -10 4 10 4

is the Fourier-Galois-Golay algebraic transform.
If Alg = Clif , where Clif 1is the Clifford algebra, then G[z’l] (0,,'s,, ¢,)is the Fourier-Clifford-
Golay transform (FCGT), if Alg = Ham, where Ham is the quaternion Hamilton algebra, then

GU)(s,,'s,, ¢,) is the Fourier-Hamilton-Golay transform (FHGT) and so on.

n

5. Conclusion
In this paper, we have shown a new unified approach to the so-called generalized complex- GF(p) -or

Clifford-valued complementary sequences. The approach is based on a new iteration generating
construction. This construction has a rich algebraic structure. It is associated not with the triple

(z5.7.C), but with

(ZZ,CSZ((D,CX,]/),AZg) and (ZZ’{CSZI(¢l7a17}/l)76822(¢25a23y2)7'"7c“9):(¢n’an’yn)}JAIg) >
where CS,(¢,,c,,7,) and {CSz1 (@,,2,,7,),CS} (@,,0,,75)s...,CS, ((on,an,yn)} are a single transform or a

io iy o
set of arbitrary unitary (2 x 2) -transforms of type CS,(p,a,y)= ¢ c?s¢ ¢ sme , if Alg=C;
esing —e " cosp
‘.o &6
’t-6 -'g0
a

finite Clifford algebra), where

or orthogonal (2 x 2)-transforms of type CS, (o, ¢, *¢) ={ } , if Alg is a finite algebra

(for example, a finite Galois field GF(g), or

. 2 _ 2 . -
', % e Alg, 16"18=|18| =1, 28-28=|28| =1, 0,6 Alg, 6* +6° =1.
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